Definitions [l, p. 106](2). A sequence of intervals
{/"} is said to be regular if there exists a positive number a such that, with an the larger and bn the smaller side of J«, we have bn/an>oi for every n.
We shall say that the sequence {/"} tends to the point ix, y) if(4) á(In) -»0 as n-» oo, and the point (x, y) belongs to all the intervals of the sequence.
Given a set function F defined for all intervals, we define F*ix, y), the ordinary upper derívate, as the upper bound of the numbers t such that there exists a regular sequence of intervals {/"} tending to ix, y), for which Filn) lim T^f = ¿C).
If we remove the condition of regularity of the sequences of intervals considered, we obtain the definition of strong upper derívate P,*(x, y). Similarly we define the lower dérivâtes P*(x, y) and P*,(x, y).
If F*ix, y) = F*(x, y), we say that F(T) has an ordinary derivative F'(x, y) = F*(x, y) = F*(x, y). If P*(x, y) = F*s(x, y), we say that F(I) has a strong derivative P,'(x, y) = F*(x, y)=F*s(x, y). Obviously if P,' (x, y) exists, then also F'(x, y) exists and equals F¡ (x, y).
2. Suppose/(x, y) defined and integrable on a set E of positive measure. We extend the definition of f(x, y) on the whole plane P by putting/(x, y) = 0 for (x, y) GP -E. We can therefore, as we shall in the following, consider only functions defined in the whole plane.
We form (1) Wil) = jj fix, y)dxdy.
Then we have the following theorems.
Presented to the Society, December 29, 1949; received by the editors November 25, 1949-(*) This problem was first proposed by Professor A. Zygmund and solved under the guidance of Professor A. S. Besicovitch. The author is indebted to both for their many suggestions.
(*) Numbers in brackets refer to the references cited at the end of the paper. (3) By intervals we shall mean in the following rectangles with sides parallel to coordinate axes.
(') 5(E) will mean the diameter of the set E.
(') The symbol | E\ denotes throughout this paper the Lebesgue measure of the plane set E.
130
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use [3] ; also part 11 of Theorem 6 of this paper.) There exist integrable functions for which W*(x, y) = + °° on a set E of positive measure. And since W*(x, y) = lF*(x, y) = W*(x, y) =/(x, y)<+°° p.p., it follows that W*ix, y) ¿¿W^six, y) on E.
Theorem 3. Iff(x, y) is bounded, then Wl (x, y) exists and equals f(x, y) p.p.
The above theorem is an easy generalization of the following:
Theorem 4(6) (density theorem, see [3] and [4] ). Withf(x, y) the characteristic function of a set E, Wi (x, y) -fix, y) p.p. where W(I) is as in (I). (3) and (6)). Through the vertices of the intervals Ip we draw lines parallel to the yaxis; thus the point-set I-Va) is subdivided into (TV-1) intervals. We perform the above construction on each of these intervals using the same TV as before. We so obtain (TV-1) point-sets, V-2), • • ■ , Vlm, of a staircase form, having no points in common. With 5. We repeat this process (k -l) times. After the (k -l)th iteration we have constructed
(1 + (TV-1)+ • ■ • +(TV-1)*) sets F(i) of a staircase form ; the remaining set R = I-E^(i)> which we shall call the "rest" set, consists of (TV-1): separate intervals of total area, (6) \R\=d«iN)\l\.
The intervals Ip\ forming the set V(i\ have a nonempty common part: the shaded interval a'-'K From our construction it follows that:
hence with A = Ea(i)> the sum of all the shaded parts of i",
A < NuiN) 6. The above construction performed on an interval I will be called in the following the operation B*N, TV as in §4, k as in §5. We shall mean by {*} the set of all the intervals if of our construction, and by {a} the set of the shaded intervals of /. Then A = E<»efa) a-li aG{a} is included in an iG {i}, that is, if a = i-A (a point-set product), then \a\ -|*|/TV.
Part II. The following construction gives a proof of Theorem 2. It will ATHANASIOS PAPOULIS [July be used in Part III, with minor modifications, for the proof of Theorem 6; in addition it will familiarize the reader with the method to be followed.
We shall give the construction of an integrable function /(x, y), whose indefinite integral has no finite strong derivative at any point of a set of positive measure.
First step: On the unit square Si we perform the operation B% by taking TV = TVi = 222 and k such that P = Pi<e/2. We thus obtain the sets {¿1} and {fli}. And with Ai= E<«e(«.-1 a< M1! <l/TV^iTVO, and if iG{ii}, a = Ai-i, then (9) I a I = i-i-, «(f) < 1.
Ni
We further define the function |TVi(logiVi)i'2 = 222-2 for xGAi,
Ax, y) = * .
(.0 elsewhere in 5i.
(In the following, the logarithms will be taken with base 2.) With Wiil) = Jj fiix, y)dxdy we get from (8) and (10) , .
1*1 I i# I Second step: We divide 5i into 4 congruent squares Si and perform in each of them the operation B% by taking TV = TV2 = 22 ' and k such that, with P2 the sum of all the "rests" ( §5) in the 4 squares 52, we have |P2| <e/22. By {i2\ we now mean the set of intervals i included in all 4 squares S2 and by {02} the set of the shaded intervals whose sum we call A2. Again
We define: W2il) = ffhix, y)dxdy we get from (11) and (12) (log TV2)1/2 W2iSi) = \A2 Mx, y) < ' , MÍN2) y-y-= (log TV2)"2.
I »I
Similarly we continue.
nth step: We divide Si into 4n_1 congruent squares S" and perform in each of them operation BhN by taking We shall now show that W*ix) -+ °° f°r every xGP = Si-E"-i -^« where |p| >l-e because of (13).
x is contained in one of the intervals of {in} for every n. Call in the interval of {in} containing x; then ii, i2, ■ ■ ■ , in, ■ ■ ■ is a sequence of intervals containing x and with diameter tending to zero (13a), and since Wiin)/\in\>Wniin)/\in\=i\og Nn)112 (see (14)) and since (log TV")"2^ŵ ith n-»oo, we conclude that W*ix) = + °°.
Remarks.
(1) The sequence {in} is not regular. (2) fix, y)-log |/(x, y)\ is not finitely integrable, in agreement with the theorem of Jessen, Marcinkiewicz, Zygmund. Part III. We shall make the following modifications in the construction of Part II. The operation B\ of the first step will remain the same. With mi the smallest side of the shaded intervals {ai}, we divide Si in the second step, not into 4 squares, but into such a number of congruent squares {S2} that their side is smaller than mi/N\. With m2 the smallest side of the intervals {a2}, we divide Si in the third step into such a number of congruent squares {S3} that their side is smaller than OT2/TV2; and so we continue.
From the way the squares S" have been constructed it follows that:
(18) Un I > I Sn+1 I Ni
As before (13) and (13a) hold.
We now subdivide each rectangle of the set {an} into TV* congruent rectangles, half of them we call black and the remaining white (as on a chessboard). We thus obtain the point-set Bn of the black rectangles of A", and the point-set Wn of the white rectangles of 4". With W one of the rectangles of the set Wn, we obtain from (18) n-l n-1 we obtain from (13) and (23) (24) |£|>l_l_e.
Consider the rectangle aG{an}; it is subdivided into TV*/2 black and TV*/2 white rectangles of area | a | /TV*. With L any rectangle, we can easily see that the difference D of the areas of the black and white parts of a, which are included in L, is not greater than the area of one of the TV* rectangles into which a has been subidivded; that is With (x, y)GE, we denote by i" the interval of the set {in}, which contains the point (x, y) ; then since /(+)(x, y) 2:0, we have f f /(+)(*. y)¿*¿y è f f /(+,(*> y)á«áy.
Denote by IF one of the white rectangles of the set Wn, and by Dn+i the remaining part of W-Bn+i, after subtracting from it a set of area equal to the area of W-Wn+i; thus From (19) we conclude that | W\ is greater than the area of any one of the rectangles of the set {a»+i}, hence (see (26) 
